Abstract. We show that the metric entropy of a C 1 diffeomorphism with a dominated splitting and the dominating bundle uniformly expanding is bounded from above by the integrated volume growth of the dominating (expanding) bundle plus the maximal Lyapunov exponent from the dominated bundle multiplied by its dimension. We also discuss different types of volume growth that can be associated with an expanding foliation and relationships between them, specially when there exists a closed form non-degenerate on the foliation. Some consequences for partially hyperbolic diffeomorphisms are presented.
Introduction and results
In this paper we will prove an inequality for the measure-theoretical entropy of a C 1 partially hyperbolic diffeomorphism, and we will discuss about different types of volume growth that can be associated to the unstable foliation and relationships between them, in special under some additional topological information. The inequality can be viewed as a mixture between the well-known Pesin-Ruelle inequality between the metric entropy and the sum of the positive Lyapunov exponents, and the inequality between entropy and integrated volume growth obtained by Przytycki for C 1+r diffeomorphisms, extended by Newhouse to C 1+r maps, and eventually shown to be an equality for C ∞ maps by Kozlovski. Let M be a compact Riemannian manifold and f a C 1 diffeomorphism on M . If µ is an ergodic invariant measure for f , then, by Oseledets Theorem, there exist λ 1 < λ 2 < · · · < λ s (called Lyapunov exponents), positive integers d 1 , d 2 , . . . , d s (their multiplicities) with d 1 + d 2 + · · · + d s = dim(M ), and a measurable invariant splitting T M = E λ1 ⊕E λ2 ⊕· · ·⊕E λs (the Lyapunov splitting), with dim(E λi ) = d i , such that for µ-almost every x ∈ M we have lim n→±∞ 1 n log Df n (v) = λ i , ∀v ∈ E λi \ {0}.
An invariant splitting of the tangent bundle
In other papers this condition is required to hold for some power of f , however one can always reduce to this simpler condition by changing the metric or replacing f by some power of it. It is well-known that if there exists a dominated splitting, then the Lyapunov splitting will be subordinated to it, meaning that there exists some r < s such that E 1 = E λ1 ⊕ · · · ⊕ E λr and E 2 = E λr+1 ⊕ · · · ⊕ E λs (whenever the Date: February 9, 2012.
Lyapunov bundles are defined). We will denote the maximal Lyapunov exponent on E 1 by λ + E 1 (in this case it will be λ r ). We define the integrated volume growth of E 2 to be
Given an invariant measure µ for a map f , one can define the metric (or measuretheoretic) entropy of f with respect to µ, denoted h µ (f ), in several equivalent ways. We will use the Katok definition for ergodic µ. Let d n be the metric on M defined by
We denote by N (n, δ, f, µ) the minimal number of balls of d n -radius δ covering a subset of M of µ-measure greater than one half. Then
Theorem 1.1. Let f be a C 1 diffeomorphism of the compact Riemannian manifold M , which has a dominated splitting T M = E cs ⊕ E u , with the bundle E u uniformly expanding, and let µ be an ergodic invariant measure for f . Then
We make some remarks about this result. First, we remind the Ruelle inequality for a C 1 map f and an ergodic invariant measure µ:
There is also the inequality obtained by Przytycki and Newhouse for C 1+α maps:
Our result uses a Przytycki-type estimate in the direction of the unstable bundle E 2 and a (weaker) Ruelle-type estimate in the direction of the central-stable bundle E 1 . In the case of C 1+α maps a stronger inequality was already obtained by Kozlovski (in fact he obtained a different inequality which can be put into this form for partially hyperbolic diffeomorphisms):
The results by Przytycki, Newhouse and Kozlovski make use of the C 1+α condition in Pesin theory, which we do not have in the C 1 case (we do not have the absolute continuity of W u either). However, as it was already remarked in other papers like [1] , one has sufficient control of the expansion in the center-stable direction for almost every point, which together with the uniform expansion in the unstable direction helps us obtain the result.
In the next section we will give the proof of Theorem 1.1. In the last section we will discuss different types of volume growth than can be associated with a foliation and relationships between them. In particular, when there exists a closed form nondegenerate on the unstable foliation of a partially hyperbolic diffeomorphism, then all the different types of volume growth associated to the unstable foliation are equal, and locally constant (they are equal in fact with the spectral radius induced by the map in the corresponding cohomology group). We discuss some applications of these results to partially hyperbolic diffeomorphisms with the dimension of the center bundle equal to one or two. This paper is in the same spirit as [2] , however here we consider the C 1 case, and we focus on a different type of volume growth and a different topological condition.
2. Proof of Theorem 1.1
We will denote for simplicity
The main idea of the proof is similar to the one used by Przytycki, Kozlovski and others: we will bound e nd(λ+ǫ) B dn (x,δ) Λ u Df n | E u dLeb from bellow independently of n, for a large set of points x.
The proof of the following lemma can be found in [1] .
is an ergodic invariant measure, and λ is the maximal Lyapunov exponent corresponding to E cs . Given ǫ > 0, there exists N ǫ > 0 such that for µ-a.e. x ∈ M we have
The idea of the proof of this lemma is that lim n→∞
Nǫ log Df Nǫ | E cs (x) dµ < λ+ ǫ, and apply the Birkhoff Ergodic Theorem to the diffeomorphism f Nǫ and the real valued function x → 1 Nǫ log Df Nǫ | E cs (x) (one has to be a bit careful because µ may not be ergodic for f Nǫ ). The bundle E u can be integrated to form the unstable foliation W u , but the center-stable bundle E cs may not be integrable. However inside a ball of radius 1 (eventually after rescaling the metric) around every point x ∈ M one can construct fake foliations (or plaques)W 
, such that for every x ∈ A ǫ , and for every k ≥ k ǫ , we have
There exist 0 < r ǫ < r 0 , and a backward invariant cone field C cs ǫ around E cs , such that for any x, y ∈ M with d(x, y) < r ǫ , and for any d-dimensional subspaces E x and E y of T x M and T y M respectively, which are tangent to C cs ǫ , we have
By making eventually r ǫ smaller, we can assume that TW For every k > 0 and every y ∈W
Proof. We first remark that if s < r < r 0 then f (W If
Therefore, if r(n, r)L kǫNǫ ≤ r 2 (*) and r(n, r)e n(λ+2ǫ) L Nǫ ≤ r 2 (**) are satisfied, then again we can obtain by induction that the first n iterates ofW cs x,r(n,r) (x) stay inside disks of radius r/2 of the fake center-stable foliation around the iterates of x. The condition n ≥ n ǫ for our choice of n ǫ is equivalent to the fact that inequality (**) implies inequality (*), while the inequality (**) is equivalent to r(n, r) ≤
Now we continue with the proof of Theorem 1.1. Lemma 2.2 shows that for every x ∈ A ǫ , r < r ǫ and n ≥ n ǫ , we haveW
u be a forward invariant cone field around E u such that Df is uniformly expanding on C u . For every x ∈ M consider D u x to be a smooth (uniformly with respect to x) foliations of B(x, 1) tangent to C u , which are uniformly absolutely continuous: there exist continuous real-valued functions α x :W cs x (x) ∩ B(x, 1) → R and β x : B(x, 1) → R such that for every integrable function h : M → R we have
Furthermore there exists a constant C(f ) > 0 such that
For every x ∈ M , n > 0 and y ∈W
One can show by induction that, for every x ∈ A ǫ , n ≥ n ǫ , y ∈W 
r < r ǫ , and all y ∈W cs x,r(n,r) (x) (C(C u ) is independent of x and n). Also D n x,y and at least n pre-images of it are tangent to C u , so uniformly contracting under f −1 , and
There exist a constant
We also know that E cs ⊕ E u is a dominated splitting and T D u is close to E u , so there exists a constant C ′′ (f ) > 0 such that
for all x ∈ M and n > 0. Consequently there exists c(f, ǫ, r) > 0 such that for every x ∈ A ǫ , r < r ǫ and n ≥ n ǫ , we have
Now let S ⊂ A ǫ be a maximal (n, r)-separated set in A ǫ . Then S is also a (n, 2r)-spanning set for A ǫ , so the cardinality of S satisfies the inequality |S| ≥ N (n, 2r, f, µ). Then for r < r ǫ and n > n ǫ we have
and taking r → 0 we get that v E u (f ) ≥ h µ (f ) − dλ − 2dǫ. But this is true for every ǫ > 0, so v E u (f ) ≥ h µ (f ) − dλ, and this finishes the proof of Theorem 1.1.
Different types of volume growth
Besides the integrated volume growth which appears in Theorem 1.1, there are other types of volume growth which can be associated to an invariant foliation, or more restrictively to an unstable foliation. We will consider again f to be a C 1 diffeomorphism of the compact Riemannian manifold M with a dominated splitting T M = E cs ⊕ E u , with E u uniformly expanding, which implies that E u is uniquely integrable to form the invariant unstable foliation W u with C 1 leaves. Letd be the Riemannian metric induced on the leaves of W u , and consider the family of disks of radius one inside the leaves of the foliation W u :
We define the volume growth, respectively the absolute volume growth of W u under f to be
These invariants are independent of the Riemannian metric, and can be defined in fact for any invariant foliation with C 1 leaves (not only the unstable one). The exponential rate of growth of the volume of any C 1 disk inside a leaf of a foliation under iterates of f is bounded from above by v u (f ).
We will also consider a family of disks uniformly transverse to E cs and of uniformly bounded size: let u = dim(E u ), δ < min x∈M ∠(E u (x), E cs (x)), and definẽ
We define the extended volume growth, respectively the absolute extended volume growth of W u with respect to f to bẽ
Again these invariants are independent of the Riemannian metric, and can be defined in fact for any invariant splitting. The exponential rate of growth of the volume of any C 1 disk uniformly transverse to E cs under iterates of f is bounded from above byṽ u (f ). We remind also that u . In fact in this case the volume growth is equal to the logarithm of the spectral radius of the map induced by f on H u (M, R), and is constant for small perturbations of f . Theorem 3.1. Let f be a C 1 partially hyperbolic diffeomorphism on the compact manifold M such that there exists a closed u-form ω which is non-degenerate on the unstable foliation W u (which has dimension u). Then all the five types of volume growth associated with the unstable foliation which we defined above are equal with log spec(f * u ), where f *
is the map induced by f on the ucohomology group of M . The same is true for all C 1 close enough diffeomorphisms.
Proof. The main idea of the proof is that the rate of growth of nearby disks in the unstable direction can be related using the closed form ω. Fix two continuous invariant cone fields C u and D u around the unstable bundle E u such that ω is non-degenerate on the closure of D u and C u is strictly inside D u . We say that D is an u-disc of size r centered at x if D is the image of a C 1 embedding of the unit u-dimensional disk into M , tangent to C u , and, with respect to the metric induced on D, d D (x, y) = r for all y ∈ ∂D. We will assume that every u-disk D is oriented such that D ω > 0. We have the following Lemma.
Lemma 3.2. Let f be a partially hyperbolic diffeomorphism on the compact manifold M such that there exists a closed u-form ω which is non-degenerate on the unstable foliation W u (which has dimension u), and C u and D u be invariant cones as above. Then there exist δ, r, R, C > 0 suh that for any x, y ∈ M , d(x, y) < δ, any u-disk D x of size r, any u-disk D y of size R, and any n > 0, we have
Proof. We choose δ, R and r R small enough such that for any u-disks D x and D y of sizes r, respectively R, with d(x, y) < δ, there exists a C 1 u-dimensional submanifold S tangent to D u , diffeomorphic with S u−1 ×[0, 1], such that S+D x −D y is the boundary (in the simplicial sense) of a C 1 , (u + 1)-dimensional submanifold (S is again oriented such that S ω > 0). There exists C 1 > 0 such that for every
n preserves the orientation of D x , D y and S, we obtain:
We used the fact that ω is closed and non-degenerate on the invariant cone field D u . If f n does not preserve the orientation of D x , D y or S, then it must reverse all of them, because iterates of submanifolds tangent to D u stay in D u and D x ∪D y ∪S is connected, and the same result follows. Let C = C 2 1 q.e.d. In order to prove that all the different types of volume growth are equal, it is enough to show thatṽ
We will use the definitions from the previous section for the local foliationsW Without loss of generality we can assume that D n is a u-disk of size r centered at x n . We obtain (C represents different constants independent of n):
We used the fact that Λ u Df n | E u and Λ u Df n | T D u xn are comparable, α x and β x are uniformly bounded away from zero, and Lemma 3.2 for the last inequality. By taking the limit for n → ∞ we obtainṽ
For every x ∈ M , let
Because M is compact, there exist x 1 , x 2 , . . .
For simplicity we will denote x k = x. Again letting C be different constants independent on n, we obtain:
where W u R (x) is the ball or radius R centered at x inside W u (x). We used again Lemma 3.2, the fact that α x and β x are uniformly bounded from above, and the fact that Λ u Df n | E u and Λ u Df n | T D u xn are comparable. We remark that whenever Lemma 3.2 is true for a given partially hyperbolic diffeomorphism, it follows from the above argument that all the types of volume growth associated to the unstable foliation are equal (this could be applied for uniformly hyperbolic maps for example). Claim 3: v u (f ) = log spec(f * u ). We could prove this claim using the results from [6] , however we prefer to give a different proof, avoiding the use of currents. In order to relate the volume growth of disks with closed differential forms we need the following lemma, which says that for almost every u-disk (in some sense), the volume of the iterates of the disk grows faster than the volume of the iterates of its boundary. Lemma 3.3. Let f be a C 1 diffeomorphism of the compact Riemannian manifold M , and α :
Assume that f is uniformly expanding on D 1 = α(D(0, 1)), and denote D r = α(D(0, r)) for 0 < r ≤ 1. Then for almost every r ∈ (0, 1], we have
and the convergence is exponential.
Proof. The uniform expansion of f on D 1 means that there exist c > 0, λ > 1 such that
On the other hand, using the fact that Λ u Df n (α(y))| T Dr ≥ cλ n Λ u−1 Df n (α(y))| T Dr , for some fixed constant c > 0 and every y ∈ D(0, 1) and n > 0, we obtain vol(f n (∂D r )) = for some C which depends only on f and α. If µ is an upper bound for Λ u Df on M , we get that F n (1) ≤ C ′ µ n for some C ′ > 0, or log F n (1) ≤ n log µ + log C ′ . Let 1 < λ ′ < λ and r n ∈ (0, 1) such that F n (r n ) = 1 (clearly r n is decreasing to zero). Let R n = {t ∈ [r n , 1] : (log F n (t)) ′ > λ ′n }. Because log F n is increasing we get that Leb(R n ) ≤ n log µ+log C ′ λ ′n . If we denote by S n = ∪ i≥n R i , it is easy to see that Leb(S n ) converges to zero (this is because the series ∞ n=1 n log µ+log C ′ λ ′ n is convergent). Let S = ∩ ∞ n=1 S n , so Leb(S) = 0. For every r ∈ (0, 1] \ S, there exists n 0 ∈ N such that r > r n0 and r / ∈ S n0 , or (log F n (r)) ′ ≤ λ ′n , for all n > n 0 . But this implies that Corollary 3.5. If f is a C 1 partially hyperbolic diffeomorphism with the dimension of the center bundle equal to one, and there are closed u-and s-forms nondegenerated on the unstable, respectively the stable foliation, then the topological entropy is locally constant at f in the space of C 1 diffeomorphisms, and is in fact equal to max{log specf * u , log specf * u+1 }. Corollary 3.6. If f is a C 1 partially hyperbolic diffeomorphism with the dimension of the center bundle equal to two, and µ is an ergodic invariant measure for f such that h µ (f ) > max{v u (f ), v u (f −1 )}, then µ is hyperbolic.
Corollary 3.7. If f is a C 1+α (or C ∞ ) partially hyperbolic diffeomorphism with the dimension of the center bundle equal to two, and there are closed u-and s-forms non-degenerated on the unstable, respectively the stable foliation, then the topological entropy is lower semicontinuous (or continuous) at f in the C 1 (or C ∞ ) topology.
